We show that using the properties of the photon Green's function one can successfully describe the propagation of arbitrary nonclassical optical radiation through structured materials. In contrast to the similar input-output approach, our method is not restricted neither to the spatial homogeneous matter nor to the specific direction of light beam incidence or outcoupling. Several quantum states of light are addressed in detail, such as Fock, Glauber, and different squeezed light states, and their Green functions are given. Furthermore, it is demonstrated how scattering of light at a slab can be described with Poynting's energy flow vector, and how experimental setups can be modeled.
I. INTRODUCTION
The nonequilibrium photon Green function (GF) (2) . (1) is defined in terms of expectation values of correlations of the vector potential operatorÂ. Its average A = Â obeys Maxwell's potential equation ( 
wave equation)
A(r, t) = −µ 0 [j ind (r, t) + j ext (r, t)] .
The photon GF was shown in Ref. 1 to exhibit an exact splitting into two components
which can clearly be identified as contributions arising from electronic generation and recombination processes in the medium (P ≷ 
due to the presence of the medium to the actual vector potential A in linear approximation according to
If the vacuum GF D The splitting of D ≷ [Eq. (3a)] translates directly to the energy flux in the system, which is given by the Poynting vector, and we can clearly identify the energy flux contribution caused by the state of light in the free space, i.e., its vacuum-induced contribution.
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In Sec. II, we will derive and discuss the vacuum Green function and the respective vacuum-induced contribution to the full Green function for arbitrary states, following closely the approach sketched in Ref. 1 . In particular, Fock, Glauber, and different squeezed light states are addressed.
In Sec. III, the vacuum-induced energy flow in the slab geometry will be developed in more detail to allow eventually for the description of scattering in optical setups by Green functions. Modelling of beams splitters and photon detection is briefly addressed.
The advantage of this approach is the exact consideration of the spatial inhomogeneities inherent to bounded media systems. Since the Green functions are globally defined, piecewise definition of photon operators is not necessary.
II. VACUUM GREEN FUNCTION FOR ARBITRARY QUANTUM STATES
The vacuum GF D ≷ 0 consists of the inevitable spontaneous ground state fluctuations of the electromagnetic vacuum, which we will denote by D ≷ 0,sp , and a stimulation D ≷ 0,stim which is given by the preparation of the free space to a certain electromagnetic state.
The complete fluctuations in the free space can be written as
Note that always D 
is a unique and universal function, 1 such that the ≷ indication may be omitted in the following. 
where
describe classical plane waves with polarization e λq and wave vector q. Note that the second term is not the complex conjugate of the first to due the index switch.
The terms ∝ C ≷ n are normal terms, which depend on the difference variables (1 − 2) only and are thus homogeneous. In contrast, the anormalous terms ∝ C a depend on (1 + 2) and thus pertain to inhomogeneous systems. The prefactors C are expectation value differences of correlated and uncorrelated creation and annihilation operators in an arbitrary base:
Application of the commutation relation [â λq ,â 
since, in any (mixed) quantum state described by a statistical operatorρ,
After separation of D ≷ 0,sp , the remaining terms in Eq. (9) constitute D 0,stim . They are mutual complex conjugates, and the latter can be written in a more compact form by definition of the componentless prefactor
Using Eq. (3c), the vacuum fluctuations appear renormalized due to the presence of a bounded medium according to
i.e., with F replaced by the effective fields
which describe propagation (i.e., reflection, absorption, and transmission) of a classical plane wave in the presence of a bounded medium. They are normal mode expansions of the vector potential and solutions of Eq. (5).
B. Fock state
So far we did not make any assumptions on the state of the light in the free space. The case of a multi-mode number (or Fock) state |{n} λq with the photon population n λq = n (11) is
Uncorrelated expectation values as well as anormalous
The GF is homogeneous, and its Fourier domain representation is
The ground state contribution is contained in the n > terms and the stimulated part is
We will now derive and discuss the vacuum GF D ≷ 0 for other interesting states.
C. Coherent state
For a coherent (Glauber) state |β with displacement β such that
one finds
A squeezed light state |ξ, φ evolves through a finitetime interaction, e.g., in a nonlinear crystal, from a given state |φ . This evolution is described by the unitary operatorŜ(ξ), the squeezing operator : |ξ, φ =Ŝ(ξ) |φ . It reads in a generalized form for multimode squeezing
where ξ is a matrix describing the coupling strength between different modes.
The expectation values (11) can be obtained in a straightforward manner using the relationŝ
where µ and ν are cosh-and sinh-like power series in ξ. Obviously, this will lead to an additional mode sum in Eq. (9), but the general structure remains.
Single-mode squeezing, squeezed vacuum
The case of single-mode or diagonal squeezing, i.e., squeezing of a mode with itself, withξ λq /2 = ξ λqλ ′ q ′ δ λqλ ′ q ′ , allows us to quickly obtain the GF of the squeezed vacuum. The vacuum GF prefactors for a diagonally squeezed Fock state |{ξ, n} λq are
with the squeezing strength factors µ = cosh |ξ| and ν = sinh |ξ| exp(i argξ). The double mode sum in Eq. (9) then reduces to a single one. We may rewrite µ 2 = |ν| 2 + 1 and find
and decompose the D 0,stim this way into three contributions:
, which remains even for vanishing mode population,
This results was already given in Ref. 1 . Obviously, vanishing of the squeezed contributions D 0,sv and D 0,sf is assured forξ → 0. Note also that these two parts are always inhomogeneous, since they contain a C a term.
Squeezed vacuum in a mixed state
Since any mixed state may be expanded into Fock states,
it is easy to see that the squeezed vacuum GF, Eq. (28), will appear in any single-mode squeezed (mixed) state. Evaluating this Fock state expansion for general multimode squeezing reveals a squeezed vacuum GF as well, with the same structure (but different definition of µ, ν).
In conclusion, any squeezed light GF exhibits a squeezed vacuum contribution of the form (28). Note again that D 0,sv is defined here such that it is free from contributions from the ground state, D 0,sp .
Single-mode squeezed coherent light
For a diagonally squeezed coherent state |{ξ, β} λq , correlated and uncorrelated expectation values largely compensate in D 0,stim , and only the squeezed vacuum remains.
In a widely used setup for the generation of squeezed or entangled light, the optical parametric oscillator (OPO), photons are emitted from a nonlinear crystal in pairs with correlated moments q 0 ± q around the reference momentum q 0 . It may be regarded as an outer parameter of the system and q as a variable. Usually, the squeezing strengthξ is assumed to be symmetrical around q 0 . It vanishes for q = 0 and has a finite bandwidth (ξ λq → 0 for q → ∞).
The squeezing operator can be obtained from Eq. (24) by diagonalization: For this case, it is convenient to express the coefficients µ, ν by functions
such that the relations (25) read noŵ
In a Fock state, the expectation values are [cf. Eq. (26)]
or, in the compact notation for D 0,stim alone:
Again, the GF decomposes into three components. Comparing them to the diagonally squeezed Fock state, one finds that, except for µ →μ, only the D 0,sf component differs.
E. Propagation of squeezed light
The propagated squeezed light correlations (and their propagated components) may be obtained as before according to Eq. (16). Their complex prefactors C n , C a and inhomogeneities introduced by squeezing remain.
III. ENERGY FLOW WITH NONCLASSICAL LIGHT
We will now consider energy flow and light scattering with the help of Poynting's theorem, 4 ∂U/∂t + div S = −jE, following closely the lines of Ref. 1 but extending and refining the approach presented there.
Up to now, the results presented in this work are valid for arbitrarily inhomogeneous and instationary systems. For an easier discussion and better comparison with former work, we will now regard a system in slab geometry, i.e., TE-polarized light propagating along the x axis through a linear medium slab of thickness L which is infinitely extended in the y-z plane, isotropic and steadily excited. Incoming light may be instationary; its polarization is chosen along the z axis.
The vector potential now takes the form
where q and r are the in-plane components of q and r, and q ⊥ and x the corresponding x direction components.
In contrast to, e.g., Ref. 1, we will need to properly consider the coherent contribution ( Â = 0) to the energy flow. In slab geometry, energy flow is only possible in the x direction, and the corresponding Poynting vector component reads after insertion of the photon GFs
The splitting of the GFs translates directly to the incoherent component of the energy flow. For the spontaneous contribution to S x , i.e., due to
The contribution from D 0,stim in its general form [Eq. (15)],
exhibits stationary terms only for q ′ = q. In the case of squeezed vacuum follows from
Its homogeneous terms are stationary, the inhomogeneous terms oszillate with double frequency. A similar analysis shows that S x,coh is formally identical to S x,stim , so that both can be treated the same way in the following.
A. Scattering of incident light
The theory so far can represent any field in the free space, since the vacuum Green function D ≷ 0 is a sum over all wave-vectors q, and an arbitrary state |φ is allowed. We may now address a specific situation by assuming a specific structure of the vector potential.
The following vector potential represents light incident onto both the left and the right side of the slab (symmetric setup, with complex amplitudes g L and g R ), which is reflected and transmitted to the respective other side:
where r q , t q are complex reflection and transmission coefficients, respectively. The vector potential A q for coordinates inside the slab is not used in the following and does not have to be known. This trivially covers the case of multiple incident light beams of wave vector q, which superimpose to give a new complex amplitude g L/R . One would set g R = 0 to obtain the reflection and transmission of light incident from the left alone (asymmetric setup).
The energy flow density through the medium surface (area F ) is
Here, S R = S x (x ≥ L /2) describes the energy flux emitted from the right surface into the free space in parallel to the x axis, while
is the left surface counterpart emitted into the negative x direction.
For the calculation of S L/R according to Eq. (39), the following expressions have to be evaluated:
The Im term in the former equation does not contribute to S L/R if Im C n ≡ 0, as, e.g., in (squeezed) Fock states. Let us first analyze the spontaneous contribution (where always |g L | ≡ |g R | ≡ 1). We obtain
The balance of these energy flows is, as it should, cancelling out in the symmetric setup (∆S = 0). To analyze the scattering, we set g R ≡ 0 and readily reproduce the result of Ref. 1: Ground state fluctuations are transmitted and reflected just as classical light, with 1 − |r| 2 − |t| 2 = a, where a is the classical absorptivity, 5, 6 with amplitude 1 /2. The D 0,stim contribution to S L/R can be obtained by straightforward calculation. We concentrate on cases with C n,a ∝ δ λqλ ′ q ′ and Im C n ≡ 0 for simplicity. With the help of the asymmetric setup scheme, we find that the energy flow of the incident light in general reads
while the energy flow after transmission to the right is (for reflected light accordingly)
i.e., the entire energy flow is damped by |t q | 2 , and a phase delay of 2 arg t q in the instationary part is accumulated.
B. Beam splitters and photon detectors
A beam splitter, e.g., could be described following this scheme as a slab onto which light is incident from both the left and the right under an angle of 45 degrees. Then, the linearly superimposed transmitted and reflected energy flows on each side are the output channels. Any absorbing or (spatially) dispersive behavior of the beam splitter is fully accounted for by the present approach.
A photodetector measuring an electromagnetic mode converts photons in photoelectrons, hence giving rise to an electric current, called photocurrentî. Since the Poynting vector gives the photon energy per second and square meter, it is natural to assume that the mean value of this photocurrent recorded during the (small) time interval t, t + ∆t is proportional to the normally ordered energy flow :Ŝ : of the incident photons, i.e., î (t, ∆t) = η∆t :Ŝ(t) : , where η is the quantum efficiency factor of the detector. Normal ordering eliminates the ground state fluctuation contribution [cf. Eq. (13)], which is usually not measured by detectors. It is equivalent to a restriction to the stimulated and coherent contributions in our approach. Hence,
is the quantity that determines the photodetection measurement outcome.
IV. CONCLUSION
In this article, we show in detail how the Green function approach to the scattering of squeezed light presented in Ref. 1 can be generalized to light in arbitrary quantum states.
Green functions for several quantum states in the free space are derived. They can generally be separated into a ground state fluctuation and a stimulated contribution. In particular, squeezed light is addressed and the cases of general multimode squeezing, single-mode squeezing, and two-mode squeezing are discussed. All squeezed light states are shown to result in the same squeezed vacuum contribution as a part of the stimulated contribution to the vacuum GF.
Vacuum GFs for arbitrary quantum states are constructed after normal-mode expansion of the vector potential. They are represented by normal and anormalous (inhomogeneous) terms with appropriate prefactors C n , C a given by photon operator expectation values in the considered quantum state [Eq. (9)].
The normal modes propagate as classical waves in any (bounded) media system. Thus, these states are scattered no other than classical light. This conclusion is possible thanks to the exact splitting of the Green function into medium-and vacuum-induced contributions.
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The same property allows to consider independently the electromagnetic energy flow contribution caused by light originating from the free space. Consequently, we develop the Poynting vector for stimulated light in its general normal-mode representation [Eqs. (37)-(41)], and then discuss the description of light propagation and scattering through a slab on this basis. The advantage of this approach is the exact consideration of spatial inhomogeneities in the system and its validity for oblique incidence. Other than in the input-output formalism, there is no need for a spatial decomposition of the photon operators into incoming and outcoming, since the GFs are global functions.
After propagation through a medium, the energy flow is damped by |t| 2 and a phase delay of 2 arg t is accumulated [Eq. (48), for reflected light accordingly]. This simple result is proven here for arbitrary light states and arbitrarily absorbing or dispersive media.
Finally, it is shown how to describe some elements in an experimental setup with the present approach, for which the beam splitter serves as an example, and how the Poynting vector as a natural quantity for the energy flow relates to the outcome of measurements with photodetectors.
